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We study the background dynamics and primordial perturbation in α-attractor-type double inflation. The
model is composed of two minimally coupled scalar fields, where each of the fields has a potential of the α-
attractor type. We find that the background trajectory in this double inflation model is given by two almost
straight lines connected with a turn in the field space. With this simple background, we can classify the property
of the perturbations generated in this double inflation model just depending on whether the turn occurs before
the horizon exit for the mode corresponding to the scale of interest or not. In the former case, the resultant
primordial curvature perturbation coincides with the one obtained by the single-field α-attractor. On the other
hand, in the latter case, it is affected by the multifield effects, like the mixing with the isocurvature perturbation
and the change of the Hubble expansion rate at the horizon exit. We obtain the approximated analytic solutions
for the background, with which we can calculate the primordial curvature perturbation by the δN formalism
analytically, even when the multifield effects are significant. We also impose observational constraints on the
model parameters and initial values of the fields in this double inflation model based on the Planck result.
PACS numbers:
I. INTRODUCTION
Cosmic inflation is the simplest scenario for the origin of
primordial perturbations in our Universe, whose predictions
are verified by the observations of the cosmic microwave
background (CMB) and large scale structure of the Universe
[1–4] (see e.g. [5, 6] for reviews). Actually, the recent Planck
observations confirm that the primordial curvature perturba-
tions are almost scale invariant and Gaussian [7, 8]. These
observations are consistent with the predictions of the sim-
plest class of inflation models given by a single scalar field
with a canonical kinetic term and a sufficiently flat poten-
tial and couples minimally to gravity. Regardless of the phe-
nomenological success, it is still nontrivial to embed such a
single-field slow-roll inflation model into a more fundamen-
tal theory (see [9], for a review). In this context, the so-
called α-attractor models [10–14] have been actively studied
so far. Phenomenologically, this class of models predict com-
mon values of the spectral index ns and the tensor-to-scalar ra-
tio r, well matching observational data. Theoretically, the at-
tractive property of these models is attributed to the conformal
symmetry and they are successfully embedded into supergrav-
ity through the hyperbolic geometry [15, 16] (see also [17–22]
for other interesting cosmological scenarios based on the hy-
perbolic geometry). Furthermore, recently, the models with
certain values of α were shown to be derived from string/M
theory setups based on the seven-disk manifold [23, 24].
However, since scalar fields such as moduli fields are
ubiquitous in the fundamental theories like supergravity and
string/M theory, it is natural to consider the multifield exten-
∗This is the affiliation where R. T. had conducted this work. His current
affiliation is TIS Inc., 8-17-1, Nishishinjuku, Shinjuku, Tokyo, 160-0023,
Japan.
sion of the α-attractor models. From the viewpoint of the pri-
mordial perturbations, the curvature perturbation can evolve
even on sufficiently large scales caused by the mixing with
the isocurvature perturbation in multiple inflation, which gives
rich phenomenology [25, 26]. Among the multiple inflation
models, the so-called double inflation composed of two min-
imally coupled massive scalar fields is a simple and concrete
model including the multifield effects on the primordial per-
turbation [27–29] and have been actively studied (see, e.g.,
[30–32]). The T-model, which is one of the simplest real-
izations of the α-attractor and has a plateau-like potential,
is shown to appear out of a massive scalar field with a non-
canonical kinetic term with a pole [14] with a field redefinition
so that the new field has a canonical kinetic term. Therefore,
as a simple multi-field extension of the α-attractor, in this pa-
per, we consider the α-attractor-type double inflation, which
is composed of two minimally coupled scalar fields and each
of the fields has a potential of the α-attractor-type. 1 For other
interesting works considering the multifield extension of the
α-attractor models in different contexts, see [34–42]. 2
The rest of this paper is organized as follows. In Sec. II, we
present our α-attractor-type multiple inflation model in gen-
eral form. We then analyze the background dynamics for the
case of double inflation, which we focus in what follows, in
Sec. III, showing that the analytic solutions based on the slow-
roll approximation can approximate the numerical results very
1 Although we concentrate on the phenomenology of the α-attractor-type
double inflation and do not consider the link of the setup with fundamental
theories in this paper, it might be possible to derive this model based on the
seven-disk manifold [33].
2 It is known that the Starobinsky inflation model [43] is included in the α-
attractor, as so-called the E-model [11]. The multifield extension of the
Starobinsky inflation has been also actively studied recently, see, e.g., [44–
52].
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2well. In Sec. IV, we calculate the primordial curvature pertur-
bation in this double inflation model that can be verified by
the recent CMB observations. We show that the δN formal-
ism, where we can calculate the primordial curvature pertur-
bation analytically in this model, can reproduce the numerical
results very well. After imposing the constraints on the model
parameters and initial values of the fields based on the Planck
result in Sec. V, we summarize in Sec. VI with conclusions
and discussions. Some technical issues in this model related
with the background dynamics based on a potential without
the symmetric property, the excitation of the heavy field at
the turn, and the primordial non-Gaussianity are discussed in
Appendix A, Appendix B, Appendix C, respectively. In this
paper, when we show plots, all quantities with dimensions are
normalized by MPl, unless otherwise mentioned.
II. α-ATTRACTOR-TYPE MULTIPLE INFLATION
MODEL
Before presenting the α-attractor-type multiple inflation
model, we briefly summarize the conventional (single-field)
α-attractor inflation model. [10–14].
A. α-attractor inflation
It is well known that inflation models of canonical scalar
field are described by the following action:
S =
∫
d4x
√−g
(
M2PlR
2
− 1
2
(∇φ)2−V (φ)
)
,
where g is the determinant of the spacetime metric gµν , R
is the scalar curvature and MPl is the Planck mass. The α-
attractor models motivated by the conformal symmetry in-
clude various potentials whose asymptotic shape looks like
V (φ)' Λ4
[
1− γ exp
[
∓
√
2
3α
φ
MPl
]]
, (2.1)
for |φ |  √αMPl, where ∓ in the parentheses above denotes
− for φ > 0 and + for φ < 0. Here, Λ is a parameter with
mass dimension, while γ and α are dimensionless parameters.
If most of the last 60 e-folds of inflation is driven in the region,
where the potential is given by (2.1), this class of models are
shown to have the attractor property on inflational observables
independent of γ . Actually, the α-attractor models, with α
not too large, generically predict that the spectral index ns and
tenor-to-scalar ratio r defined later are given by the number of
e-folding of inflation N at leading order in 1/N as
1−ns ' 2N , r '
12α
N2
, (2.2)
with N ≡ ln(aend/a), where aend is the scale factor at the end
of inflation. In order to satisfy this condition, we assume
that α is not significantly different from unity, which includes
the so-called conformal attractor of α = 1. Although Λ in
Eq. (2.1) does not appear in the expression of ns and r, it con-
trols the amplitude of the curvature perturbation PR , which
we will also define later.
B. Multiple inflation model
In this paper, since we are interested in α-attractor-type
multiple inflation, we consider the following action with n
scalar fields ϕ I(I = 1,2, · · · ,n),
S =
∫
d4x
√−g
(
M2Pl
2
R− 1
2
δIJ∇µϕ I∇µϕJ−V (ϕ I)
)
,(2.3)
with
V (ϕ I) =
n
∑
I=1
VI(ϕ I) .
We use Einstein’s implicit summation rule for the scalar field
indices I,J, · · · and all the field indices can be lowered by the
field metric δIJ . For the potential, we are interested in the case
that each VI takes the form given by Eq. (2.1) for |ϕ I | MPl.
To be concrete, we may adopt the simplest T-model potential
as VI [10],
VI =
λIM4I
36
tanh2
[
ϕ I
MI
]
, (2.4)
which has two parameters λI and MI .
Before starting the analysis, let us consider the single-
field T-model potential more and discuss the possible param-
eter regime for the α-attractor-type double inflation based on
Eq. (2.4) with I = 1, ϕ1 = φ , λ1 = λ , M1 = M. For |φ | M,
it is approximated by
V (φ) ' λM
4
36
[
1−4exp
[
∓2 φ
M
]]
, (2.5)
which shows the form of the α-attractor given by Eq. (2.1)
with Λ = (λ 1/4M)/
√
6, γ = 4, α = M2/(6M2Pl). Then, the
single-field T-model predicts ns and r given by Eq. (2.2) as
long as φ stays at this region during most of the last 60 e-folds
of inflation. On the other hand, for |φ | M, the potential be-
haves just as the mass term driving the chaotic inflation [53],
V (φ) ' m
2
2
φ 2 , with m≡
√
2λ
6
M . (2.6)
With M  MPl, since most of the last 60 e-folds of infla-
tion are given by the potential (2.6), the prediction on ns and
r in this model becomes indistinguishable from the ones in
the chaotic inflation. Since the conventional double inflation
based on two massive scalar fields have been actively stud-
ied, we do not consider the case with MMPl in this paper.
Therefore, we assume that one of ϕ I is larger than M in most
of the last 60 e-folds of inflation throughout this paper.
Notice that although we concentrate on the model based
on the T-model, as long as the parameters are chosen so that
each VI takes the form of the α-attractor-type potential given
3by (2.1) when the observable mode is generated, most results
shown in this paper are also obtained by the α-attractor-type
multiple inflation based on different models, like the E-model
[11].
In what follows, we focus on the case of two scalar fields
(double inflation), which is simple but includes the interest-
ing multifield effects on the primordial perturbations. In con-
cluding remarks, we mention briefly about some properties
expected in multiple inflation.
III. BACKGROUND DYNAMICS OF
α-ATTRACTOR-TYPE DOUBLE INFLATION
In what follows, we will analyze α-attractor-type double
inflation with T-model potential (2.4). We describe two scalar
fields as ϕ1 = φ and ϕ2 = χ . In the main text of this paper,
we concentrate on the potential symmetric between φ and χ
so that M1 = M2 = M and λ1 = λ2 = λ . For more general
cases without imposing M1 = M2 nor λ1 = λ2, we discuss the
background dynamics in Appendix A, and we find that the
phenomenologically essential aspects of the α-attractor-type
double inflation can be extracted sufficiently by this simple
symmetric potential.
In Fig. 1, we plot the shape of the potential of the α-
attractor-type double inflation based on the symmetric two-
field T-model. From the symmetric property of the potential,
we can restrict ourselves to the region χ ≥ φ ≥ 0 without loss
of generality. In Fig. 2, we depict the gradient of the potential.
FIG. 1: The potential of the α-attractor-type double inflation based
on two-field T-model given by Eqs. (2.3) and (2.4) with n = 2. We
set M1 = M2 = M =
√
3MPl and λ1 = λ2 = λ = 10−9.
In this section, we analyze the background dynamics. We
show that the analytic solutions based on the slow-roll approx-
imation can approximate the numerical results very well.
A. Basic equations for background dynamics
Suppose that the background Universe is homogeneous and
isotropic with the flat Friedmann-Lemaıˆtre-Robertson-Walker
(FLRW) metric
ds2 = gµνdxµdxν =−dt2+a2(t)δi jdxidx j ,
0 2 4 6 8 10
0
2
4
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χ
FIG. 2: Gradients of the inflationary potential based on the two-field
T-model, which suggests the direction of the background trajectories,
with the same parameters as Fig. 1. Because of the symmetric prop-
erty between φ and χ , the background trajectories towards φ = 0
and the ones towards χ = 0 in the early stage are separated by the
line χ = φ .
where a(t) is the scale factor whose evolution is governed by
the Friedmann equations
H2 =
1
3M2Pl
(
1
2
δIJϕ˙ Iϕ˙J +V
)
, (3.1)
H˙ = − 1
2M2Pl
δIJϕ˙ Iϕ˙J , (3.2)
where H ≡ a˙/a is the Hubble expansion rate and a dot denotes
a derivative with respect to the cosmic time t. With ,I denoting
a derivative with respect to ϕ I , the equations of motion for the
homogeneous scalar fields ϕ I are
ϕ¨ I +3Hϕ˙ I +δ IJV,J = 0 . (3.3)
For later use, following Ref. [25], we introduce the adia-
batic and entropic directions based on the speed of the fields
σ˙ and the angle Θ characterizing the direction of the back-
ground trajectory, where
σ˙ ≡
√
δIJϕ˙ Iϕ˙J , tanΘ≡ χ˙φ˙ . (3.4)
The adiabatic direction is along the background fields’ evolu-
tion, while the entropic direction is orthogonal to the adiabatic
one. The unit vectors corresponding to these directions nI and
sI , respectively are defined by
nI ≡ ϕ˙
I
σ˙
= (cosΘ, sinΘ) , (3.5)
sI = (−sinΘ, cosΘ) , (3.6)
which are related with each other through n˙I = Θ˙sI , s˙I =
−Θ˙nI . By projecting Eq. (3.3) onto the adiabatic direction
and entropic direction, we can obtain the evolution equations
for σ˙ and Θ, respectively as
σ¨ +3Hσ˙ +V,σ = 0 ,
σ˙Θ˙+V,s = 0 ,
with V,σ ≡V,InI , V,s ≡V,IsI .
4B. Numerical results on background dynamics
Before showing numerical results, let us first give a brief
overview of the background dynamics in the α-attractor-type
double inflation model, which can be easily expected from
the potential form (Fig. 1). For the initial values of the fields
ϕ Iini satisfying χini ≥ φini  M, the slow-roll approximation
becomes valid soon, where the background trajectory starts
following the gradient shown in Fig. 2. In the first phase, un-
less we fine-tune φini ' χini, the motion towards χ = 0 soon
becomes negligible compared with that towards φ = 0 and
the background trajectory becomes almost a straight line to-
wards φ = 0. We expect a slow-roll inflation in this phase.
Then, when φ becomes smaller and approaches zero, the
background fields are captured by the potential valley around
φ = 0 and changes the direction of the motion to χ = 0. Θ de-
fined by Eq. (3.4) changes from pi to (3/2)pi . After the direc-
tion has changed completely to χ = 0, the background trajec-
tory becomes a straight line again towards χ = 0. This phase is
characterized again as a single-field slow-roll inflation driven
by χ and it continues until χ becomes close to zero. In this pa-
per, for simplicity, we call these three evolutionary periods as
the first inflationary phase, the turning phase, and the second
inflationary phase, respectively, although inflation may not be
necessarily interrupted in the turning phase.
We perform numerical calculations to show the typical be-
havior of the background dynamics in the α-attractor-type
double inflation. We adopt N defined by Eq. (2.2) as the tem-
poral variable. As an example here, we set the model param-
eters M and λ as
M =
√
3MPl , λ = 2.20×10−10 , (3.7)
while we choose the initial data as
φini = 4.65MPl , χini = 5.50MPl ,
ϕ˙ Iini =−Vini,I/(3Hini) , (3.8)
where Hini =
√
Vini/(
√
3MPl).
Here we have assumed the slow-roll solution from the be-
ginning. Since it is an attractor, the numerical result does not
depend on the choice of ϕ˙ Iini significantly.
In Fig. 3, we first show the background trajectory of two
fields, which confirms the above overview. This confirms our
expectation mentioned at the end of Sec. III A that the motion
of the background fields is towards φ = 0 with almost con-
stant χ in the early stage, and after φ reaches 0, it changes the
direction towards χ = 0 with keeping φ = 0. Actually, until
N ∼ 65 the motion towards φ = 0 is more dominant compared
with that towards χ = 0, which we have called the first in-
flationary phase. On the other hand, after then the motion is
completely towards χ = 0, which we have called the second
inflationary phase.
In Fig. 4, we plot the time evolution of φ (left) and χ (right). In the calculations, we regard that the inflation ends when the
slow-roll parameter ε = 1 and assign N = 0 to that time. For the plots related with the time evolution, we use−N as the temporal
variable so that the time evolves from left to right. Later we will obtain analytic solutions which approximate these phases well.
In the left panel in Fig. 5, we plot the time evolution of H, where there is a gap between the first and second inflationary
phases around N ∼ 65, This is a unique characteristic of the α-attractor-type double inflation, which we will discuss analytically
later. In the right panel in Fig. 5, we plot the time evolution of Θ˙/H = dΘ/d(−N) around the turn between the first and second
inflationary phases. In this paper, formally, we define the turning phase as the period satisfying Θ˙/H > 0.05.
C. Analytic solutions based on slow-roll approximation
Here, we present analytic solutions for the first and second
inflationary phases in the α-attractor-type double inflation,
where the kinetic terms in Eq. (3.1) and the second deriva-
tive in Eqs. (3.3) are neglected. Then, we check the validity of
the approximated solutions by comparing them with the nu-
merical results.
1. Second inflationary phase
First we show the approximated solution for the second
inflationary phase. Although it has been already given as a
single-field α-attractor in Ref. [10], it gives hints to analyze
the first inflationary phase. Soon after the second inflationary
phase starts, where φ is trapped at zero, the potential can be
approximated as
V (φ = 0,χ)' λM
4
36
[
1−4e−2 χM
]
, (3.9)
for χM . Therefore, as long as χM, the first term dom-
inates in Eq. (3.9) and together with the slow-roll approxi-
mation, the Hubble expansion rate in the second inflationary
phase is given by H/MPl ' (
√
λM2)/(6
√
3M2Pl). For the ex-
ample we performed numerical calculations in Sec. III B, with
M and λ given by Eq. (3.7), we find H/MPl ' 4.3× 10−6,
which is consistent with the second plateau shown in the left
panel in Fig. 5. We can also obtain the analytic solution de-
scribing the evolution of χ based on the slow-roll approxima-
tion. In the second inflationary phase, the equation of motion
for χ is approximately given by
dχ
dN
' 8M
2
Pl
M
e−2
χ
M ,
where ' means that we have kept only up to the terms
O(e−2
ϕI
M ). Eq. (3.10) is integrated with an integration con-
5N = 0
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N = 60
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FIG. 3: The background trajectory of field values ϕ I = (φ ,χ) with
M =
√
3MPl, λ = 2.20×10−10. We choose the initial values as φini =
4.65MPl and χini = 5.50MPl.
stant N2 as
χ =
M
2
ln
[
16M2Pl
M2
(N−N2)
]
. (3.10)
About N2, it was shown in Ref. [10] that the integration con-
stant corresponding to this is well approximated by the num-
ber of e-folding at the end of inflation, that is, zero, in the
single-field α-attractor. Therefore, since the end of the sec-
ond inflationary phase coincides with the end of inflation in
the α-attractor-type double inflation, we can also set N2 = 0.
This is roughly explained by Eq. (3.10), with which we can
see that χ becomes zero slightly before N = 0 if N2 = 0. In
the right panel in Fig. 4, we confirm that the evolution of χ is
well approximated by Eq. (3.10) with N2 = 0. This is mainly
because the duration when χ is in the region χ > M is much
longer than that in the region χ < M in the second inflationary
phase, as we can see from the same plot.
For later use, we evaluate the time evolution of the slow-roll
parameters in this phase here. Under the slow-roll approxima-
tion,
dχ
dN
'M2Pl
V,χ
V
,
d2χ
dN2
'M4Pl
V,χ
V
(
V,χχ
V
− V
2
,χ
V 2
)
,
which gives the following expression for the slow-roll param-
eters defined by the derivatives of the potential
εχ ≡ M
2
Pl
2
(
V,χ
V
)2
=
1
8
M2
M2Pl
1
N2
, (3.11)
ηχχ ≡M2Pl
V,χχ
V
=− 1
N
+
1
4
M2
M2Pl
1
N2
. (3.12)
The slow-roll parameters obtained in Eqs. (3.11) and (3.12)
are related with the ones defined in terms of the Hubble ex-
pansion rate as
ε = εχ , η = 4εχ −2ηχχ , (3.13)
with
ε ≡− H˙
H2
, η ≡ ε˙
Hε
,
when the time evolution of φ compared with that of χ is neg-
ligible.
2. First inflationary phase
Next, in a similar way as the previous subsubsection, we ob-
tain the approximated solutions for the first inflationary phase.
With ϕ Iini mentioned previously, in the early stage, we can ap-
proximate the potential as
V (φ ,χ)' λM
4
18
[
1−2e−2 φM −2e−2 χM
]
, (3.14)
for φ M , and χ M . Therefore, by considering only the
first term in Eq. (3.14) and making use of the slow-roll ap-
proximation, the Hubble expansion rate in the first inflationary
phase is given by H/MPl ' (
√
λM2)/(3
√
6M2Pl). For the ex-
ample we performed numerical calculations in Sec. III B, with
M and λ given by Eqs. (3.7) and (3.8), H/MPl ' 6.1×10−6,
which is consistent with the numerical results shown in the left
panel in Fig. 5. The gap of the Hubble expansion rate between
the first and second inflationary phases is a typical feature in
the α-attractor-type double inflation. We can also discuss the
analytic solution describing the evolution of ϕ I in the first in-
flationary phase. Together with the slow-roll approximation,
the equations of motion for the scalar fields are given by
dφ
dN
' 4M
2
Pl
M
e−2
φ
M ,
dχ
dN
' 4M
2
Pl
M
e−2
χ
M , (3.15)
where ' again means that we have kept only up to the terms
O(e−2
ϕI
M ). Then, Eqs. (3.16) and (3.17) can be integrated as
φ =
M
2
ln
[
8M2Pl
M2
(N−Nini)+ e2
φini
M
]
, (3.16)
χ =
M
2
ln
[
8M2Pl
M2
(N−Nini)+ e2
χini
M
]
, (3.17)
where Nini is N at initial time. The time evolution of φ in the
first inflationary phase can be also written as
φ =
M
2
ln
[
8M2Pl
M2
(N−N1)
]
,
with
N1 ≡ Nini− M
2
8M2Pl
e2
φini
M . (3.18)
Applying the same logic that fixed the integration constant N2
that appeared in Eq. (3.10) to N1, we can regard N1 as the
number of e-folding at the end of the first inflationary phase.
In order to evaluate N1 for given ϕ Iini, we assume that the turn-
ing phase is instantaneous and N =N1 corresponds to not only
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FIG. 4: Time evolution of field values ϕ I = (φ ,χ) in terms of −N with M = √3MPl, λ = 2.20× 10−10. We choose the initial values as
φini = 4.65MPl and χini = 5.50MPl. In both panels, the blue solid lines denote the numerical results, while the red dotted lines denote the
analytic results based on Eqs. (3.16) for the first inflationary phase and Eq. (3.10) for the second inflationary phase. In the left panel, we plot
the analytic result only for the first inflationary phase. For the analytic results, we choose the integration constants so that Nini is given by
Eq. (3.19) and N2 = 0.
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FIG. 5: (Left) Time evolution of the Hubble expansion parameter H in terms of −N with the same parameters M, λ and initial values ϕ Iini as
in Fig. 4. (Right) Time evolution of the angular velocity of the field variable Θ˙/H = dΘ/d(−N) around the turn between the first and second
inflationary phases. In both panels, the blue solid lines denote the numerical results. The red dotted line in the left panel denotes the analytic
solution for the first inflationary phase obtained by the slow-roll approximation, H =
√
V/(
√
3MPl) with Eqs. (3.16) and (3.17).
the end of the first inflationary phase, but also the onset of the
second inflationary phase. Under this “instantaneous turn” as-
sumption, N1 becomes the number of e-folding of the second
inflationary phase and from Eq. (3.10), this depends on the
value of χ when the second inflationary phase starts, which
we denote χ1. Since we can also regard χ1 as the value of χ
at the end of the first inflationary phase, from Eqs. (3.16) and
(3.17), χ1 can be estimated as
χ1 =
M
2
ln
[
1+ e2
χini
M − e2 φiniM
]
.
Here, we have assumed that the first inflationary phase ends at
φ = 0 and the expression (3.16) and (3.17) are valid until that
time. Making use of Eq. (3.10) with N = N1 and N2 = 0, and
Eq. (3.18) we can express N1 and Nini in terms of ϕ Iini as
N1 =
M2
16M2Pl
(
1+ e2
χini
M − e2 φiniM
)
, (3.19)
Nini =
M2
16M2Pl
(
1+ e2
χini
M + e2
φini
M
)
. (3.20)
Regardless of the fact that Eqs. (3.19) and (3.20) are based on
a couple of assumptions, in Fig. 4, we confirm that the evolu-
tion of ϕ I is well approximated by Eqs. (3.16) and (3.17) with
Nini given by Eqs. (3.20). This is again explained by that the
duration when φ is in the region φ > M is much longer than
that in the region φ < M in the first inflationary phase, as we
can see in the left panel in Fig. 4. Now that we have obtained
the time evolution of ϕ I in the first inflationary phase, we can
express the relation between φ and χ along the background
trajectory originating from ϕ Iini and Θ, introduced in Eq. (3.4)
as
χ =
M
2
ln
[
e2
φ
M + e2
χini
M − e2 φiniM
]
, (3.21)
Θ= tan−1
 8M2PlM2 (N−Nini)+ e2 φiniM
8M2Pl
M2 (N−Nini)+ e2
χini
M
 . (3.22)
The information given by Eqs. (3.21) and (3.22), confirmed
numerically, explains our expectation mentioned at the end of
Sec. III A that the motion of the background fields is towards
φ = 0 with almost constant χ in the early stage in a more
quantitative way.
In the first inflationary phase, after φ becomes smaller than
M, the potential becomes of the form
V (φ ,χ)' 1
2
m2φ 2+
λM4
36
[
1−4e−2 χM
]
, (3.23)
7for 0 < φ  M , χ  M, where m is defined by Eq. (2.6).
With this potential, the behavior of the background trajectory
around φ = 0, which we have called the turning phase, when
Θ roughly changes from pi to (3/2)pi , is classified into two
cases. In one case, φ asymptotes smoothly to 0 during the
turn, while the motion towards χ = 0 becomes gradually im-
portant, which was shown in the right panel in Fig. 5. In the
other case, the turn is accompanied by the oscillations in the
φ direction caused by the excitation of the heavy field. As we
have mentioned, since the duration when φ is in the region
φ > M is much longer than the one in the region φ < M, the
existence of the turning phase or whether the excitation of the
heavy field occurs or not does not affect the expression (3.15)
describing the background dynamics in the first inflationary
phase. Regardless of this, as we will discuss in detail in Ap-
pendix B, the perturbations generated in inflation before the
turn are affected if there is heavy field excitation. After this
turning phase, the second inflationary phase, about which we
have already discussed in the previous subsubsection, starts.
3. Correspondence between the initial field values and number of
e-folding
Before moving to the part of perturbations, since we have
obtained intuitive understanding of the integration constants
N1, Nini given by Eqs. (3.19) and (3.20), it is helpful to discuss
more on the correspondence between the initial values ϕ Iini
and two e-folds N1, Nini. Later in this paper, when we discuss
the perturbations, we assume that the pivot scale of the recent
CMB observations exits the horizon scale at N = N∗ = 60,
where ∗ denotes that the quantity is evaluated when the scale
exits the horizon scale, that is, 60 e-folds before the infla-
tion ends. This means that for given M and λ , the region
in ϕ Iini space with Nini < 60 is ruled out (the gray region in
Fig. 6). For the remaining region in ϕ Iini space that satis-
fies Nini > 60, since the property of the perturbations exiting
the horizon scale in the first inflationary phase and that in the
second inflationary phase are completely different, it is use-
ful to classify the region based on in which phase the scale
of interest exits the horizon scale. In the left panel in Fig. 6,
the classification is based on N1 defined by Eq. (3.19). From
the discussion in the previous subsection, we expect that if
N1 < 60, N = N∗ = 60 is in the first inflationary phase (the
light red region), while if N1 > 60, N = N∗ = 60 is in the
second inflationary phase (the light blue region). Since N1 is
obtained analytically with the instantaneous turn assumption,
in order to be more precise, in the right panel of Fig. 6 we
classify the region by specifying in which phase the mode ex-
its the horizon scale with given ϕ Iini based on the numerical
calculations. This shows that even though some small purple
region corresponding to near N1 = 60 in the left panel is not
clearly seen, in most part the classification based on N1 is cor-
rect. As we have already explained, we think that the minor
disagreement comes from the existence of the finite turning
phase and the period when φ is in the region φ < M in the first
inflationary phase. We have adopted M =
√
3MPl here and it
is worth mentioning that these plots are independent of λ as
Nini and N1 do not depend on λ .
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FIG. 6: Classification of the region in ϕ Iini space based on in which phase the pivot scale of the recent CMB observations exits the horizon
scale with M =
√
3MPl. In the gray part, Nini < 60, where the total number of e-folding during inflation is insufficient. Among the other
region in the light blue part, the scale exits the horizon scale in the second inflationary phase, while in the light red part, it occurs in the first
inflationary phase. (Left) The classification is based on N1 defined by Eqs. (3.19) and (3.20). (Right) The classification is based on numerical
calculations. The part in ϕ Iini space, where the scale exits the horizon scale in the turning phase, is colored with purple.
IV. DYNAMICS OF THE PRIMORDIAL CURVATURE
PERTURBATION
In this section, we calculate the primordial curvature per-
turbation in the α-attractor-type double inflation model that is
verified by the recent CMB observations. We also show that
the δN formalism, where we can calculate the primordial cur-
vature perturbation analytically, can reproduce the numerical
8results very well.
A. Perturbations of fields
We decompose the scalar fields ϕ I into the background val-
ues ϕ¯ I plus the perturbations δϕ I as
ϕ I = ϕ¯ I +δϕ I .
In the following, we will simply write the background homo-
geneous values as ϕ I as long as this does not cause confusion.
Here, we restrict ourselves to the linear perturbation and work
with the spatially-flat gauge given by
ds2 =−(1+2A)dt2+2a∂iBdxidt+a2δi jdxidx j , (4.1)
where the scalar-type degrees of freedom are completely en-
coded in δϕ I owing to the Hamiltonian and momentum con-
straints
3H2A+
H
a
∂ 2B =− 1
2M2Pl
[
ϕ˙I
(
δ ϕ˙ I− ϕ˙ IA)+V,Iδϕ I] ,
HA =
1
2M2Pl
ϕ˙Iδϕ I .
The quadratic action for δϕ I can be obtained by expanding
the action (2.3) to quadratic order in perturbations. In terms of
the Mukhanov-Sasaki variables vI = (vφ ,vχ)≡ aδϕ I [54, 55]
and the conformal time τ ≡ ∫ dt/a(t), it becomes
S(2) =
1
2
∫
dτd3x
[
δIJ(vI)′(vJ)′−δIJδ i j∂ivI∂ jvJ
−a2 (µIJ−H2(2− ε)δIJ)vIvJ] ,
where a prime denotes a derivative with respect to τ , the ma-
trix µIJ corresponds to the (squared) mass matrix given by
µIJ ≡V,IJ + 1M2Pla3
(
a3
H
ϕ˙Iϕ˙J
)·
.
Varying the action with respect to vI and moving to the Fourier
space, we obtain the linear equations of motion,
(vI)′′+
(
k2− a
′′
a
)
vI +a2µIJvJ = 0 , (4.2)
where k is the comoving wave number. If we choose the initial
time τ0 when the corresponding mode is on sufficiently small
scales satisfying |a′′/a|, |µIJ |  k2 and thus Eqs. (4.2) can be
approximated as
(vI)′′+ k2vI = 0 ,
it is legitimate to choose the Bunch-Davies vacuum [56] as an
initial condition of our calculation:
vI(τ0,k) =
1√
2k
e−ikτ0eI(k) . (4.3)
Here eI(k) are independent unit Gaussian random variables
and with 〈〉 to be the ensemble average they satisfy
〈eI(k)〉= 0 , 〈eI(k)eJ(k′)∗〉= δ IJδ (k− k′) .
B. Curvature perturbation and isocurvature perturbation
In order to compare the prediction of linear perturbation in
the α-attractor-type double inflation with the CMB observa-
tions, it is necessary to relate δϕ I to other perturbed quantities
describing the metric perturbations, which are also the physi-
cal degrees of freedom. One of the useful quantities isR that
is gauge-invariant and coincides with curvature perturbation
in the comoving slice [57]. It can be shown that R is related
to the perturbation of the fields in the spatially-flat gauge δϕ I
as3
R =− H
σ˙2
ϕ˙Iδϕ I =−Hσ˙ δσ , (4.4)
where δσ is the adiabatic perturbation defined based on the
unit adiabatic vector nI given the first equation of (3.5) as
δσ ≡ nIδϕ I . (4.5)
The time derivative of Eq. (4.4) is written as
R˙ =−H
H˙
k2
a2
Ψ− 2H
σ˙
Θ˙δ s , (4.6)
where Ψ is the Bardeen potential [58] that is related to B in
the spatially-flat gauge given by Eq. (4.1) as
Ψ=−aHB , (4.7)
and δ s is the entropy perturbation defined in terms of the unit
entropic vector sI given by Eq. (3.6) as
δ s≡ sIδϕ I . (4.8)
On sufficiently large scales, in the absence of the anisotropic
stress, which holds in the current model, the first term in
Eq. (4.6) is negligible. However, if the entropy perturbation
is not suppressed and if the background trajectory changes the
direction, i.e., Θ˙ 6= 0, the curvature perturbation evolves even
on sufficiently large scales. In this paper, assuming that the
curvature perturbation at the end of inflation is connected to
the adiabatic perturbation at late time, we will follow the evo-
lution of curvature perturbation in the inflation and estimate
the amplitude at the end of inflation through the power spec-
trum defined by
PR =
k3
2pi2
|R|2 . (4.9)
From the Planck result [7], PR at the pivot scale k∗ =
0.05Mpc−1 is constrained as (2.198+0.076−0.085)× 10−9 with 1σ
3 In Ref. [25], the sign of R is chosen so that R ≡ ψ −H/(ρ + P)δq,
where ψ is the diagonal part of the spatial metric perturbation defined
by a2[(1− 2ψ)δi j]dxidx j and δq is the energy flux for the scalar fields
δq≡−ϕ˙Iδϕ I . In this paper, for the consistency with the latter part, where
we consider the δN formalism, we choose the sign opposite to Ref. [25].
Although this choice does not change the result as long as we consider
the quantities related with PR , when we consider the primordial non-
Gaussianity in Appendix C, it affects the sign of fNL.
9errors. In order to constrain model parameters more, we also
calculate the spectral index ofPR at the same pivot scale de-
fined by
ns−1≡ d lnPRd lnk , (4.10)
which is constrained as (0.9655±0.0062) with 1σ errors [7].
In single-field slow-roll inflation,PR and ns are expressed by
PR =
H2∗
8pi2M2Plε∗
, ns = 1−2ε∗−η∗ , (4.11)
where the quantities with ∗ are evaluated when the pivot scale
exits the horizon scale. As we will see later, for some cases,
the estimation based on Eqs. (4.11) is valid, while for the other
cases, the multifield effects during inflation give modifications
from the estimation based on Eqs. (4.11). We also calculate
the tensor-to-scalar ratio r defined by
r ≡Ph/PR , (4.12)
where Ph = (2/pi2)(H2∗/M2Pl) is the power spectrum of the
primordial gravitational waves at the same scale [59]. The
upper bound of r from the Planck result is r < 0.10 with 2σ
and in single-field slow-roll inflation, r is expressed by r =
16ε∗.
In this paper, in order to see how the entropy perturbation
affects the dynamics of curvature perturbation during infla-
tion, we will also follow the evolution of entropy perturbation
during the inflation based on the power spectrum defined by
PS =
k3
2pi2
|S |2 , S ≡ H
σ˙
δ s ,
whereS is the isocurvature perturbation defined so that it be-
comes dimensionless and has a similar normalization factor to
the curvature perturbation. One technical thing for calculating
PR ,PS in double inflation is that we must treat vφ and vχ as
two independent stochastic variables for the modes well inside
the horizon as Eqs. (4.3). To reflect this independent property,
as pointed out by Ref. [29], we must perform two numerical
computations. One computation with an initial condition that
vφ is in the Bunch Davies vacuum and vχ = 0 giving the so-
lutions R =R1 and S =S1 corresponds to e1(k). Another
computation with an initial condition that vφ = 0 and vχ is in
the Bunch-Davies vacuum giving the solutions R = R2 and
S =S2 corresponds to e2(k). Then, we can obtain the cor-
rect power spectra in terms ofR1,R2,S1, andS2, as
PR =
k3
2pi2
(|R1|2+ |R2|2) ,
PS =
k3
2pi2
(|S1|2+ |S2|2) .
C. Typical Examples
In double inflation models, the background trajectories de-
pends on ϕ Iini, from which the resultant inflationary observ-
ables like PR , ns, r depend on ϕ Iini. Here, with fixed M and
λ given by Eqs. (3.7) and (3.8), we follow the dynamics of
the comoving curvature perturbation numerically and obtain
PR , ns and r at the end of inflation for the pivot scale of the
recent CMB observations, with some representative ϕ Iini. In
this paper, as we mentioned, we assume that the scale exits
the horizon scale at N = N∗ = 60.
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FIG. 7: (Left) Four initial values ϕ Iini shown in the magnified version of the right panel of Fig. 6, where the region in ϕ
I
ini space is classified
based on in which phase the pivot scale of the recent CMB observations exits the horizon scale, i.e., the light red and light blue regions
correspond to the horizon exits in the first and second inflation phases, respectively. The purple region is the marginal case. (Right) The
background trajectories with the four ϕ Iini shown in the left panel. The correspondences are as follows: (A) the solid-blue line, (B) the dashed-
purple line, (C) the solid pink line, and (D) the dashed-orange line. We also show the points N = N∗ = 60 on the trajectories by red circles.
To show the typical examples in double inflation, we consider the following four initial values:
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(φini/MPl,χini/MPl) =

(4.00, 5.50) case A
(4.65, 5.50) case B
(4.80, 5.50) case C
(5.00, 5.50) case D
which are plotted in Fig. 7. We also depict their background
evolutions in the right panel. In case A, the horizon exit oc-
curs in the first inflation phase, while it happens in the second
inflation phase for cases C and D. Case B is the marginal.
The left panel in Fig. 8 shows the time evolution ofPR and
PS in case A. In this example, from the left panel in Fig. 7,
the scale exits the horizon scale in the second inflationary
phase and since the turn occurs when the scale stays at deep
inside the horizon scale, the effect of the turn is suppressed
compared with k2 from Eqs. (4.2). Therefore, the resultant
PR , ns and r are expected to coincide with the ones in the
α-attractor based on the single-field T-model given by χ with
φ = 0. Indeed, with this ϕ Iini, we obtainPR ' 2.213×10−9,
ns ' 0.9667, r' 0.0017. From Eqs. (4.11) and making use of
the relations H2 ' (λM4)/(108M2Pl), Eqs. (3.11) and (3.12)
with N∗ = 60 and Eqs. (3.13), we can see that these really co-
incide with the ones in single-field model. These are consis-
tent with the Planck result as we have chosen M and λ so that
the resultant PR , ns and r are so in the single-field model.
The right panel in Fig. 8 shows the time evolution of PR
and PS in case B. In this example, from the left panel in
Fig. 7, the scale exits the horizon scale in the turning phase
and around that time, the behavior of RR is slightly modi-
fied by the mixing withS . However, since the mixing occurs
during just one or two e-foldings around the tern, the modi-
fication on PR , ns and r from those in single-field model is
small. Actually, with this ϕ Iini, we obtainPR ' 2.213×10−9,
ns ' 0.9665, r ' 0.0017, which are still consistent with the
Planck result.
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FIG. 8: Time evolution ofPR andPS in terms of −N, where the blue and red lines correspond toPR andPS , respectively. (Left) Case
A, where the scale stays at deep inside the horizon scale at the turn. The curvature perturbation conserves after the horizon exit as in the
single-field model. (Right) Case B, where the scale is about to exit the horizon scale at the turn. Because of the mixing with the isocurvature
perturbation around the horizon exit, the curvature perturbation is slightly enhanced.
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FIG. 9: Time evolution of PR and PS in terms of −N, where the blue and red lines correspond to PR and PS , respectively. In both
cases, the scale exits the horizon scale before the turn and because of the mixing with the isocurvature perturbation after the horizon exit, the
curvature perturbation is enhanced. (Left) Case C. (Right) Case D. Comparing these two, since the interval between the horizon exit and the
turn is longer, the enhancement of the curvature perturbation is smaller in case D.
Fig. 9 shows the time evolution of PR and PS in case
C (left) and case D (right). In these examples, from the left
panel in Fig. 7, the scale exits the horizon scale in the first
inflationary phase and during the turn when the scale is on
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superhorizon scales, the curvature perturbation is sourced by
the isocurvature perturbation. At the end of inflation, in case
C, we obtain PR ' 3.286× 10−9, ns ' 0.917, r ' 0.0017,
while in case D, we obtainPR ' 3.352× 10−9, ns ' 0.974,
r ' 0.0021. Comparing these two cases, since the isocurva-
ture perturbation decays on superhorizon scales in the first in-
flationary phase, the effect of the isocurvature perturbation is
more significant for case C, where the interval between the
horizon exit and the turn is shorter. This explains the fact
that the deviation of ns from one becomes larger for case C,
where the single-field model predicts ns ' 0.967. On the other
hand,PR is larger for case D, which can be explained as fol-
lows. Since the first inflationary phase can be regarded as the
single-field inflation with φ , Eq. (4.11) is valid when we es-
timate PR∗. Comparing the two ϕ Iini, from Fig. 7, since the
values of φ∗ and H∗ are larger for case D,PR∗ is also larger
for case D. AlthoughPR experiences the enhancement by the
end of inflation caused by the effect of isocurvature perturba-
tion, which is larger for case C, the difference at N = N∗ = 60
can not be compensated. Regardless of this discussion on the
amplitude, as a result, for cases C and D, PR is too large to
be consistent with the Planck result.
Next, in Fig. 10, we show the numerical results of PR
and ns by changing φini but fixing the parameters M, λ and
the initial value χini as before. Here, for the constraint on
PR we adopt the 1σ shown below Eq. (4.9), while for
the constraints on ns we adopt the 2σ constraints shown in
Ref. [7]. For 0 ≤ φini/MPl ≤ 4.58, the scale exits the hori-
zon scale in the second inflationary phase, where PR and
ns are same as the one in the single-field model. Since both
PR and ns are consistent with the Planck result with ϕ Iini in
this region, we omit to show the result for φini/MPl < 4.00
in Fig. 10. For 4.58 < φini/MPl < 4.71, the scale exits the
horizon scale near the turn, where the influence of the isocur-
vature perturbation on the curvature perturbation is expected
to be small. Actually, the observational constraints of PR
and ns give φini/MPl < 4.71 and φini/MPl < 4.70, respectively,
which shows that for φini in the most part of this region, the
resultant PR and ns are consistent with Planck result. For
4.71≤ φini/MPl ≤ 5.50, the scale exits the horizon scale in the
first inflationary phase, where because of the influence of the
isocurvature perturbation and the change of the Hubble ex-
pansion rate at N = N∗ = 60, the modification ofPR and ns
from those in the single-field model is significant. For φini in
this region, the observational constraints on PR and ns give
4.84≤ φini/MPl and φini/MPl ≥ 5.42, respectively.
In the left panel of Fig. 11, similarly, we show the numerical
results of r by changing φini. For φini/MPl ≤ 4.7, where PR
and ns are the ones in the single-field inflation, r is almost
0.00167, consistent with Eq. (2.2) with our parameter set,
N =N∗ = 60 and α =M2/(6M2Pl) = 1/2, which is valid in the
single-field inflation. On the other hand, for φini/MPl ≥ 4.7,
r is different from the one in the single-field case caused by
the multifield effects. Although we find that r is always suf-
ficiently small to be consistent with the Planck result and this
result itself cannot give additional constraints, the information
of r is also important observationally. As we have explained
previously, in the case of single-field α-attractor model, from
Eq. (2.2), there is a universal relation between ns and r, that is,
(1−ns)/r = N/(6α). In the right panel, we show the numer-
ical result of (1− ns)/r, by changing φini. With our parame-
ter set, the quantity is about 20 in the single-field model and
this result shows that the universal relation for α-attractors be-
tween ns and r in the single-field model no longer valid when
the multifield effects is important. Making use of this fact, in
principle, we can distinguish between the single-field model
and this double inflation model.
Although it seems that multifield effects are so complicated
that we must rely on numerical calculations for the quantita-
tive understanding, as we will show in the next subsection, we
can reproduce the results analytically with a very high accu-
racy.
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FIG. 10: φini dependence of PR (left) and ns (right) with M =
√
3MPl ,λ = 2.20× 10−10 , and χini/MPl = 5.50. With this M, λ and χini
the scale exits the horizon scale in the second inflationary phase for 0 ≤ φini/MPl ≤ 4.58, near the turn for 4.58 < φini/MPl < 4.71 and the
first inflationary phase for 4.71 ≤ φini/MPl ≤ 5.50. In both panels, the blue and red dashed lines correspond to the numerical calculation and
analytic δN formalism, respectively. We also show the current upper and lower bounds based on the Planck result with black dotted lines.
D. δN formalism
In the previous subsection, we have found two regions in
the initial values φini with fixed M ,λ , and χini/MPl in order
to obtain a consistent result with the CMB data. In one part,
12
4.0 4.2 4.4 4.6 4.8 5.0 5.2 5.4
0.0010
0.0015
0.0020
0.0025
0.0030
0.0035
0.0040
ϕini
r
4.0 4.2 4.4 4.6 4.8 5.0 5.2 5.4
20
40
60
80
ϕini
(1-n
S
)/r
FIG. 11: (Left) φini dependence of r with M =
√
3MPl ,λ = 2.20× 10−10 , and χini/MPl = 5.50. With this M, λ and χini the scale exits the
horizon scale in the second inflationary phase for 0≤ φini/MPl ≤ 4.58, near the turn for 4.58 < φini/MPl < 4.71 and the first inflationary phase
for 4.71 ≤ φini/MPl ≤ 5.50. The blue and red dashed lines correspond to the numerical calculation and analytic δN formalism, respectively.
(Right) φini dependence of (1−ns)/r, where the blue line corresponds to the numerical calculation. In both panels, we also show the values in
the single-field model from Eqs. (2.2) with our parameter set N = 60, α = 1/2 by black dotted line.
we can evaluate PR and ns based on the single-field model
consisting of only the second inflationary phase. In the other
part, PR is enhanced compared with that in the single-field
model caused by the mixing with isocurvature perturbation on
super horizon scales as well as the change of H at the horizon
exit. We also numerically calculated PR , ns and r to esti-
mate these multifield effects there. Here, we provide a simple
way to understand these multifield effects based on the δN
formalism [60–62], which turns out to be very powerful in
the α-attractor-type double inflation model. According to the
δN formalism, on super horizon scales, R evaluated at some
time t = tf coincides with the perturbation of the number of
e-foldings from an initial spatially flat hypersurface at t = ti to
a final comoving hypersurface at t = tf, i.e.,
R(t f ,x)' δN(tf, ti,x)≡N (tf, ti,x)−N(tf, ti) ,
with
N (tf, ti,x)≡
∫ tf
ti
H (t,x)dt ,
N(tf, ti,x)≡
∫ tf
ti
H(t)dt ,
whereH (t,x) is the inhomogeneous Hubble expansion rate.
Since the local expansion on sufficiently large scales behaves
like a locally homogeneous and isotropic Universe (separate
universe approach) [63, 64], we can calculate δN on large
scales using the homogeneous equation of motion. Suppose
that we consider inflation with multiple scalar fields ϕ I and
choose the initial time ti to be during inflation, when some
scale exits the Hubble horizon, ki = aH|ti , and tf as some time
(tf > ti) during or after inflation whenR has become constant.
Then, we can regard N as a function of the configuration of
the fields on the spatially flat hypersurface at t = ti, ϕ I(ti,x)
and tf,
N (tf, ti,x) =N (tf,ϕ I(ti,x)) .
Expanding the above expression in terms of the fields’ fluc-
tuations on the spatially flat hypersurface δϕ I at t = ti, we
obtain
R(tf,x)' δN(tf, ti,x)' N,Iδϕ I(ti,x) ,
with
N,I ≡ ∂N∂ϕ I
∣∣∣∣
t=ti
. (4.13)
Here, N,I is the derivative of the unperturbed number of e-
foldings N(tf, ti), with respect to the unperturbed values of the
fields at ti. Moving to the Fourier space and if we take ϕ I as
uncorrelated stochastic variables with scale invariant spectrum
of massless scalar fields in de-Sitter spacetime at t = ti much
before the turn so that Pϕ I (ti) ≡P(ti) = H2/(4pi2)|t=ti , we
can obtain
PR(tf) = N,IN,IP(ti)' N,IN,I V (ti)12pi2M2Pl
, (4.14)
where for the last equality, we have used the slow-roll approx-
imation. On the other hand, since the tensor perturbations
are conserved on super Hubble scales, the power spectrum
of the tensor perturbations is given by Ph(t f ) = Ph(ti) =
(2/pi2)(H2/M2Pl)|t=ti = (8P(ti))/M2Pl, which gives
r(t f ) =
8
M2PlN
,KN,K
. (4.15)
Applying Eq. (4.10) to Eq. (4.14), we can also obtain the spec-
tral index ns by the δN formalism, and when the slow-roll
approximation is valid, it is given by [61]
ns(t f ) = 1−2ε(ti)− 2M2PlN,KN,K
+
2M2PlN
,IN,JV (ti),IJ
V (ti)N,KN,K
. (4.16)
Next, we apply the δN formalism to the α-attractor-type
double inflation model, especially for the cases with signifi-
cant multifield effects, where the scale exits the horizon scale
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during the first inflationary phase. From the discussion in
Sec. III C, if we choose ti as tini and t f as the end of infla-
tion, Nini given Eqs. (3.19) and (3.20) serves as N and ϕ Iini
serves as ϕ I in the δN formalism. Regardless of this, since
the scale exits the horizon scale not at tini but at t∗, the correct
choice to calculatePR and ns by the δN formalism is ti = t∗.
Therefore, for this purpose, it is necessary to express N∗ in
terms of ϕ I∗ and in general multifield inflation models we need
to integrate the background equations numerically. However,
in this model, for a given set of ϕ Iini, we have already speci-
fied the background trajectory in the first inflationary phase as
Eqs. (3.16) and (3.17), with which we can obtain
φ∗ =
M
2
ln
[
8M2Pl
M2
N∗− 12 +
1
2
e2
φini
M − 1
2
e2
χini
M
]
,(4.17)
χ∗ =
M
2
ln
[
8M2Pl
M2
N∗− 12 +
1
2
e2
χini
M − 1
2
e2
φini
M
]
,(4.18)
where we have used Eqs. (3.19) and (3.20) to express Nini in
terms of ϕ Iini and we can substitute N∗ = 60. Just repeating the
discussion in Sec. III C with the replacements Nini→ N∗ and
ϕ Iini→ ϕ I∗, we can express N∗ in terms of ϕ I∗ as
N∗ =
M2
16M2Pl
(
1+ e2
χ∗
M + e2
φ∗
M
)
, (4.19)
with ϕ I∗ given by Eqs. (4.17) and (4.18). Then, by just re-
garding N∗ as N and ϕ I∗ as ϕ I in Eqs. (4.14) and (4.16), we
can calculate PR and ns by the δN formalism analytically.
Actually,PR at the end of inflation is given by
PR ' 112pi2M2Pl
[
(N∗,φ∗)
2+(N∗,χ∗)
2]V∗ ,
with
V∗ ' λM
4
18
[
1− M
4M2Pl
(N∗,φ∗)
−1− M
4M2Pl
(N∗,χ∗)
−1
]
, (4.20)
where N∗,φ∗ and N∗,χ∗ are given by
N∗,φ∗ =
M
8M2Pl
(
8M2Pl
M2
N∗− 12 +
1
2
e2
φini
M − 1
2
e2
χini
M
)
, (4.21)
N∗,χ∗ =
M
8M2Pl
(
8M2Pl
M2
N∗− 12 +
1
2
e2
χini
M − 1
2
e2
φini
M
)
. (4.22)
Similarly, r and ns at the end of inflation is given by
r =
8
M2Pl((N∗,φ∗)2+(N∗,χ∗)2)
, (4.23)
ns = 1−2ε∗− 2M2Pl((N∗,φ∗)2+(N∗,χ∗)2)
+
2M2Pl((N∗,φ∗)
2V∗,φ∗φ∗ +(N∗,χ∗)
2V∗,χ∗χ∗)
V∗((N∗,φ∗)2+(N∗,χ∗)2)
, (4.24)
where under the slow-roll approximation, the quantities ε∗,
V∗,φ∗φ∗ and V∗,χ∗χ∗ can be expressed as
ε∗ =
1
2
M2Pl
(V∗,φ∗)
2+(V∗,χ∗)
2
V 2∗
,
V∗,φ∗ =
λM4
36M2Pl
(N∗,φ∗)
−1 , V∗,χ∗ =
λM4
36M2Pl
(N∗,χ∗)
−1 ,
V∗,φ∗φ∗ =−
λM3
18M2Pl
(N∗,φ∗)
−1 , V∗,χ∗χ∗ =−
λM3
18M2Pl
(N∗,χ∗)
−1 .
From these, as long as the mode exits the horizon scale in
the first inflationary phase, based on the δN formalism, the
resultantPR and ns can be expressed analytically in terms of
M, λ and ϕ Iini. The plots in Fig. 10 show that this method can
reproduce the numerical results very well for ϕ Iini in the region
giving ns consistent with the Planck result.
V. OBSERVATIONAL CONSTRAINTS
With the tendency explained in Sec. IV C in mind, we im-
pose observational constraints on the α-attractor-type double
inflation model based on the Planck result. For this, we take
into account the constraints on PR and ns only, as that on r
does not give an additional constraint. As in the previous sec-
tions, if we assume that the initial velocity of the fields obey
the slow-roll approximation, the predictions onPR and ns in
this model depend on M, λ , and ϕ Iini. Here, in order to con-
strain them, first we fix M and specify possible λ for given
ϕ Iini. First we set M =
√
3MPl so that the analysis in the previ-
ous sections are included. Then we repeat similar procedures
for different M to see “M dependence” of the observational
constraints, where we consider the cases with M = MPl as an
example of smaller M and M =
√
6MPl as that of larger M.
A. Case with M =
√
3MPl
Here, we impose the observational constraints for the case
with M =
√
3MPl and first we perform numerical calculations
with various ϕ Iini and fixed λ given by Eqs. (3.7) and (3.8).
The left panel in Fig. 12 shows the region of ϕ Iini giving ns
consistent with the Planck result.4 The region is composed of
the two parts, that is, the light blue and light red ones. In the
light blue region, PR can be calculated based on the single-
field model, while in the light red part, the resultant PR is
modified from that in the single-field model by ϕ Iini dependent
multifield effects. For fixed χini, the dependence of the resul-
tant ns on φini becomes similar to the right panel in Fig. 10.
4 Here, we also require that the total number of e-folding during inflation
is sufficiently large. Usually, its lower bound is 60, where inflation can
explain the horizon problem. However, in the numerical calculations, in
order to pick up the information of the mode exits the horizon scale 60 e-
foldings before the end of inflation without instability, we need more period
of inflation. Because of this technical reason, here, instead of 60 we adopt
65 as the lower bound.
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Among the examples in Sec. IV C, (A) and (B), where the
scale exits the horizon scale during the second inflationary
phase or in the turning phase belong to the light blue region.
On the other hand, about (C) and (D), where the scale exits the
horizon scale during the first inflationary phase, (D) belongs
to the light red part, while (C) belongs to the white region be-
tween the light blue and light red parts. This is because, as
we explained in Sec. IV C, the interval between the horizon
exit and the turn is longer for ϕ Iini in the light red part, and the
multifield effects on ns is smaller.
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FIG. 12: The constraints on ϕ Iini from ns and PR obtained by the Planck result with M =
√
3MPl and λ = 2.20× 10−10. (Left) The region
of ϕ Iini giving ns consistent with the Planck result. In the light blue region the resultantPR can be calculated based on the single-field model
and is consistent with the Planck result, while in the light red part the resultant PR is modified from that in the single-field model by ϕ Iini
dependent multifield effects. (Right) Contour plot ofPR in the light red region in the left panel. We normalize the resultantPR by that in
the single-field model and only the dark blue region givesPR consistent with the Planck result.
Since we have only considered the constraint on ns so far,
in order to specify the allowed region for this set of M and λ ,
we further consider the constraint onPR . As we mentioned
before, whenPR can be calculated based on the single-field
model, λ = 2.20× 10−10 gives PR = 2.213× 10−9, which
is consistent with the Planck result. Therefore, the light blue
region in the left panel in Fig. 12 is allowed. On the other
hand, when the multifield effects are important, the resultant
PR depends on ϕ Iini. The right panel in Fig. 12 shows the
resultantPR normalized by that in the single-field model for
given ϕ Iini in the light red region in the left panel in Fig. 12 as a
contour plot, which briefly shows ϕ Iini dependence ofPR . We
find that the maximum value is about 1.6. For fixed χini, the
behavior ofPR becomes similar to the left panel in Fig. 10.
Since the Planck result admits PR up to about 3% greater
than PR = 2.213× 10−9, only the dark blue region in the
contour plot is allowed.
So far, we have imposed observational constraints on ϕ Iini
with fixed M and λ , while our original purpose here is to im-
pose the observational constraints on ϕ Iini and λ with fixed M.
One straightforward way is simply repeating numerical cal-
culations with varying λ , which takes a considerable amount
of time. Contrary to this, we make use of the fact that some
ingredients of the plots in Fig. 12 are λ independent. We be-
gin with considering the boundary corresponding to the lower
bound for the sufficient total number of e-folding during in-
flation, which is written as the gray line in the left panel in
Fig. 13. Although we have obtained this line by solving the
background equation of motion numerically in order to be pre-
cise, as in the discussion in Sec. III D, the total number of
e-folding is well approximated by Nini defined by Eq. (3.19)
and (3.20). Since the correspondence between ϕ Iini and Nini
for given M is independent of λ , we expect that the location
of this boundary does not depend on λ .
Next, we consider the boundary between the part where the
resultantPR coincides with that in the single-field model and
the part where that is modified by the multifield effects, which
is written as the blue line in the left panel in Fig. 13. In the
left panel in Fig. 12, we have obtained this by specifying the
line giving ns = 0.952 based on the numerical calculation on
the perturbations with fixed λ . However, in Sec. III D, we
have already shown that this boundary is qualitatively under-
stood as N1 = 60, where N1 is defined by Eq. (3.19). Since
N1 is also independent of λ for given M and ϕ Iini, we expect
that the location of this boundary does not depend on λ , ei-
ther. From the discussion in Sec. IV C, if the pivot scale of
the recent CMB observations exits the horizon scale in the
turning phase like the example (B) there, the multifield effects
are still sufficiently small, where the resultant ns is consistent
with the Planck result. Therefore, in order to be more precise,
instead of N1 = 60, we regard the boundary as that between
the regions where the scale exits the horizon scale in the turn-
ing phase and in the first inflationary phase specified by the
numerical calculation on the background, which is shown as
the blue line in the left panel in Fig. 13. Compared with the
corresponding boundary shown in the left panel in Fig. 12,
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we see that this method can reproduce the result from the nu-
merical calculations on the perturbations with a very high ac-
curacy. Combining the above two discussions, the locations
of the boundaries of the light blue region in the left panel in
Fig. 12 are λ independent. Therefore, the remaining thing for
ϕ Iini in the light blue region, where the resultant ns is consistent
with the Planck result, is to assign λ so that the resultantPR
that coincides with the one in the single-field model is consis-
tent with the Planck result. Within the regime consistent with
the Planck result, λ must be between 4.52% smaller than the
“fiducial value”, 2.20×10−10, and 2.76% greater than that.
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FIG. 13: (Left) Summary of the boundaries of the parts shown in the left panel in Fig 12. The black line denotes χini = φini. The gray line
denotes about Nini = 65. The blue and red lines denote ns = 0.9521. In this plot, for the last two lines, we specify the blue line as about
N1 = 60 and the red line is obtained based on the analytic δN formalism, which approximate the numerical results shown in the left panel in
Fig 12 very well. (Right) Contour plot of λ giving PR consistent with the Planck result for ϕ Iini in the region giving ns consistent with the
Planck result. To obtain this plot, we set the fiducial value of λ giving PR consistent with the Planck result in the single-field model to be
2.20×10−10. The fiducial value as well as λ in the plot can be up to 4.52% smaller and 2.76% greater within the regime consistent with the
Planck result.
Let us move on to the region where the resultant PR is
modified from that in the single-field model and first think the
left boundary of the light red region in the left panel in Fig. 12.
This line corresponds to ns = 0.952, the lower bound of ns ac-
cording to the Planck result. In the left panel in Fig. 12 we
have obtained it by specifying the line giving ns = 0.952 from
the numerical calculation on the perturbations with fixed λ .
For this, we make use of the fact that the analytic δN formal-
ism works well when the mode exits the horizon scale in the
first inflationary phase sufficiently before the turn, as shown in
Sec. IV D. Actually, this boundary in the left panel in Fig. 13
written as a red line is obtained by specifying the line giving
ns = 0.952 based on the analytic δN formalism. Compared
with the plots in Fig. 12, we see that the result from the nu-
merical calculations on the perturbations can be reproduced
with very high accuracy. Although we do not show explicitly
the whole plot corresponding to the right panel in Fig. 12, we
can also reproduce the numerical result on PR by the ana-
lytic δN formalism very well. In the part giving ns consistent
with Plnck result, we show that the two power spectra PR
obtained by two different methods differ at most 3%.
Once we confirm the validity of the analytic δN formalism
in the light red part in the left panel in Fig. 12, we can discuss
λ dependence on PR and ns with ϕ Iini in this part quantita-
tively. Based on the analytic δN formalism, ns is given by
Eq. (4.24) and λ appears only through V∗ and V∗,IJ , which are
eventually canceled. Therefore, although we have specified
the line giving ns = 0.952, which is the left boundary of the
light red region in the left panel in Fig. 12, or equivalently the
red line in the left panel in Fig. 13 with fixed λ , the location
of this line does not depend on λ . To complete the discus-
sion, we assign λ for given ϕ Iini in the light red part in the
left panel in Fig. 12, which was shown to give ns consistent
with the Planck result independent of λ so that the resultant
PR is also consistent with the Planck result. For this, we
can use the fact that ϕ Iini dependent enhancement factor in this
part obtained in the right panel in Fig. 12 is independent of λ .
This can be seen by that based on the δN formalism, PR is
given by Eq. (4.20) and λ appears only through V∗ ∝ λ , while
PR in the single-field model also depends on λ only through
V∗ ∝ λ . Then, the desirable λ for given ϕ Iini is just the “fidu-
cial value” of λ givingPR consistent with the Planck result
in the single-field model, divided by ϕ Iini dependent enhance-
ment factor obtained in the right panel in Fig. 12.
Combining all the discussions in this subsection, in the right
panel in Fig. 13, we summarize the observational constraints
with M =
√
3MPl. We have specified the region giving ns con-
sistent with the Planck result in ϕ Iini space, and assigned there
λ so that the resultantPR is also consistent with the Planck
result. In the plot, we set the “fiducial value” of λ giving con-
sistentPR in the single-field model to be 2.20×10−10. Since
the “fiducial value” can be 4.52% smaller and 2.76% greater
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in the single-field model, λ shown in the contour plot can also
vary within this range. Although we have imposed the con-
straint on λ for each ϕ Iini with M =
√
3MPl, practically, there
is no way for us to know the initial values of the fields. Then,
this result shows that the observational constraint on λ , where
it is 2.10×10−10 < λ < 2.26×10−10 in the single field infla-
tion, becomes weaker so that 1.31×10−10 < λ < 2.26×10−10
in this double inflation with M =
√
3MPl.
B. Cases with M = MPl and M =
√
6MPl
Here we impose the observational constraints on λ and ϕ Iini
with different M and to see how the constraints change. As
an example with M smaller than M =
√
3MPl considered be-
fore, we consider the case with M = MPl, while as an ex-
ample with M larger than M =
√
3MPl, we consider the case
with M =
√
6MPl. When we change M, we choose the fidu-
cial value of λ that gives PR consistent with the Planck re-
sult in the single-field model so that it does not change PR
given by Eqs. (4.11) from the case with M =
√
3MPl. To be
more concrete, since H2 'V/(3M2Pl)' (λM4)/(108M2Pl) and
ε ' εχ 'M2/(8N2∗M2Pl), we change M and the fiducial value
of λ so that (λM2)/M2Pl is fixed. It is worth mentioning that
with this choice, we eventually fix m given by Eq. (2.6) to be
constant given by m = (
√
2λM)/6' 6.1×10−4MPl, while H
changes as H ∝ M. Then, the combination m/H, which turn
out to be important to discuss the effect of the heavy field ex-
citation, as we will see later, changes as m/H ∝ MPl/M.
Before starting the analysis, it is worth summarizing the
boundaries of the parts in ϕ Iini space shown in the left panel in
Fig. 13. The black line denotes just χini = φini above which
we only consider from the symmetric property of the poten-
tial. The gray line denotes the lower bound for the region with
sufficient total number of e-folding during inflation, which is
approximately given by Nini = 65. The red and blue lines de-
note ns = 0.951, and we first specified them based on numer-
ical calculations on perturbations. However, as we mentioned
above, the blue line is approximately given by N1 = 60 and
the red line is obtained based on the analytic δN formalism.
Although the above is not sufficient for the accurate speci-
fication of the gray and blue lines, it turns out that we can
reproduce the results with a very high accuracy by solving the
background equations of motion numerically. Here, we obtain
the plots corresponding to the one in the right panel in Fig. 13
with different M in a similar form as the previous subsection,
but based on the quicker way without relying on the numerical
calculations on perturbations. Although we have not checked
the full region in ϕ Iini giving ns consistent with Planck result
presented in the following plots, along a line with some fixed
χini, we see that the two power spectra PR obtained by the
numerical calculations on the perturbations and the analytic
δN formalism differ at most 1% for the case with M = MPl
and 6% for the case with M =
√
6MPl.
First, in order to see M dependence of the background dy-
namics, we show the plots corresponding to the one in the left
panel in Fig. 6 in Fig. 14 with M =MPl (left) and M =
√
6MPl
(right). From Eqs. (3.19), for given φini, χini giving N1 = 60
is always larger than the one giving Nini = 60. On the other
hand, in this paper, we avoid the situation with M MPl so
that the approximated background solution is valid, where we
will discuss later in this section about the estimation of this
condition. We find that as long as this condition is satisfied,
both χini giving N1 = 60 and the one giving Nini = 60 with
fixed φini increase as M increases. Then, even if some ϕ Iini
gives N1 > 60 and is in the light blue region for small M, if we
increase M, above some M, this ϕ Iini no longer gives N1 > 60.
But since χini giving N1 = 60 is always larger than the one
giving Nini = 60 for given φini, there is some regime M, where
ϕ Iini does not give N1 > 60, but still gives Nini > 60 and is in
the light red part. If we further increase M, this ϕ Iini eventually
cannot give Nini > 60, either and is in the gray part.
The left panel in Fig. 15 shows the observational constraints
with M = MPl in a similar form as the one in the right panel
in Fig. 13 with M =
√
3MPl and we set the fiducial value
of λ giving consistent PR in the single-field model to be
6.60× 10−10. Since λ can be 3.99% smaller and 3.32%
greater in the single-field model, λ shown in the contour-
plot can also vary within this range. Compared with the case
with M =
√
3MPl, the most evident difference is that in the
part where the multifield effects modify PR from that in
the single-field model, there is region not consistent with the
Planck result around λ ∼ 4.0×10−10. This is because in this
region, the resultant ns is larger than the upper bound of the
2σ constraints in the Planck result, 0.9771. We also see that
the maximum value of ϕ Iini dependent enhancement factor of
PR from that in the single-field model (about 1.8) is larger
than the case with M =
√
3MPl (about 1.6) as well as the
width of the region in ϕ Iini space giving ns smaller than the
lower bound of the 2σ constraints in the Planck result, 0.9521
is narrower than the case with M =
√
3MPl. Regardless of
detailed discussion of ϕ Iini dependence, as in the discussion
in the last part of Subsec. V A, practically, there is no way
for us to know the initial values of the fields. Then, this re-
sult shows that the observational constraint on λ , where it is
6.34×10−10 < λ < 6.82×10−10 in the single field inflation,
becomes weaker so that 3.52× 10−10 < λ < 6.82× 10−10 in
this double inflation with M = MPl.
The difference of the features of the left panel in Fig. 15
with those of the right panel in Fig. 13 can be explained by
the excitation of the heavy field during the turn in multifield
inflation (see e.g. [66–71]). As we discuss in Appendix B,
by analyzing the background dynamics of the turning phase,
when H < (2/3)m, or equivalently M < (2
√
6/3)MPl, we find
that the background trajectory experiences oscillations during
the turn. Actually, in the left panel in Fig. 17, we show the
time evolution of φ around the turn with M = MPl. In this
model, the efficiency of the heavy field excitation depends
on the dynamics of φ at 0 < φ < M in the first inflationary
phase, where the potential can not be approximated by neither
Eq. (3.14) nor (3.23). As in the right panel in Fig. 17, we find
that the efficiency of the heavy field excitation monotonously
increases if M decreases. Then, if we decrease M further, we
expect that the wider region is excluded by the constraint on ns
and the maximum value of ϕ Iini dependent enhancement fac-
tor ofPR from that in the single-field model is larger. Notice
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that in the left panel in Fig. 15, in the part, where the multifield
effects modify the resultantPR and ns from that in the single-
field model, we change λ from the fiducial value, which gives
different m and H at the turn. However, since both H and
m scale as ∝
√
λ with fixed M, the ratio m/H, parametrizing
the efficiency of the heavy field excitation does not change.
Therefore, we expect that the region excluded by too large ns
does not change with λ givingPR consistent with the Planck
result. On the other hand, the larger ϕ Iini dependent enhance-
ment factor of PR from that in the single-field model and
narrower region in ϕ Iini space giving too small ns is the typical
behavior of the sharp turn accompanied with the heavy field
excitation (see, [70]).
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FIG. 14: Classification of the region in ϕ Iini space based on in which phase the pivot scale of the recent CMB observations exits the horizon
scale based on N1 defined by Eqs. (3.19). In the gray part, Nini < 60, where the total number of e-folding during inflation is insufficient.
Among the other region in the light blue part, the scale exits the horizon scale in the second inflationary phase, while in the light red part, it
exits the horizon scale in the first inflationary phase. We choose M = MPl (left) and M =
√
6MPl (right), respectively.
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FIG. 15: Contour plot of λ giving PR consistent with the Planck result for ϕ Iini in the region giving ns consistent with the Planck result.
To obtain these plots, we set the fiducial value of λ giving PR consistent with the Planck result in the single-field model to be 6.60×
10−10(M2Pl/M
2). (Left) The case with M =MPl, where the fiducial value as well as λ in the plot can be up to 3.99% smaller and 3.32% greater
within the regime consistent with the Planck result. (Right) The case with M =
√
6MPl, where the fiducial value as well as λ in the plot can be
up to 4.86% smaller and 2.39% greater within the regime consistent with the Planck result.
The right panel in Fig. 15 shows the observational con-
straints with M =
√
6MPl in a similar form as the one in the
right panel in Fig. 13 with M =
√
3MPl and we set the fidu-
cial value of λ giving consistentPR in the single-field model
to be 1.10× 10−10. Since the fiducial value can be 4.86%
smaller and 2.39% greater in the single-field model, λ shown
in the contour plot can also vary within this range. In this
case, compared with the case with M =
√
3MPl, the maximum
value of ϕ Iini dependent enhancement factor of PR from the
one in the single-field model is smaller (about 1.4) as well as
the width of the region in ϕ Iini space giving ns smaller than
the lower bound of the 2σ constraints in the Planck result,
0.9521 is wider than the case with M =
√
3MPl, which can
be explained by the lower efficiency of the heavy field exci-
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tation. As in the case with M =
√
3MPl there is no region
giving ns larger than the upper bound of the 2σ constraints
in the Planck result. Similar to the cases with M =
√
3MPl
and M = MPl, we can consider the constraints on λ taking
into account the fact that there is no way for us to know
the initial values of the fields, practically. Then, this re-
sult shows that the observational constraint on λ , where it is
1.05×10−10 < λ < 1.13×10−10 in the single field inflation,
becomes weaker so that 7.48× 10−11 < λ < 1.13× 10−10 in
this double inflation with M = MPl.
If we increase M further, although there is no heavy field
excitation, we must care other effects. As we mentioned, in
this paper, in order for the α-attractor-type double inflation to
occur, we must avoid the situation with M MPl. Here, we
discuss the upper bound of M based on ϕ Iini = (0,χini) giving
N = N∗ = 60. When the approximated background solution
of the α-attractor-type double inflaton is valid, this is given by
Eqs. (3.19) and (3.20) with φini = 0 and Nini =N∗ = 60, which
we denote χanalini,∗, an increasing function of M. The concrete
form of χanalini,∗(M) and Mχini,∗ defined by the relation Mχini,∗ ≡
χanalini,∗(Mχini,∗) are given by
χanalini,∗ =
M
2
log
[
960M2Pl
M2
−2
]
, (5.1)
Mχini,∗
MPl
= 8
√
15
2+ e2
' 10.1 . (5.2)
As a very rough order estimation, if M becomes as large as
M =Mχini,∗ , the condition χM is no longer valid during the
last 60 e-foldings in the inflation, which means that the infla-
tionary background is not described by this double inflation.
Furthermore, since χanalini,∗ is obtained by assuming that χ M
holds during the last 60 e-foldings in the inflation, the actual
upper bound of M should be smaller than Mχini,∗ . On the other
hand, we can obtain actual ϕ Iini = (0,χini) giving N = N∗ = 60
by solving the background equations numerically, which we
denote χnumini,∗ . We find that ∆χini,∗ ≡ χnumini,∗ − χanalini,∗ increases as
we increase M.
We finalize this section by briefly explaining what happens
if we further increase M based on ∆χini,∗/χnumini,∗ . At M = 3MPl,
we find that ∆χini,∗/χnumini,∗ ' 0.0042. Although this difference
seems not so significant, the two power spectraPR obtained
by the numerical calculations on the perturbations and the an-
alytic δN formalism differ at most as much as 10% in the
part corresponding to the light red part in the left panel in
Fig. 12. This is because in the analytic δN formalism, the
accurate specification of N∗ given by Eq. (4.19) is indispens-
able. Regardless of this, with this M, the main property of
the α-attractor-type double inflation that the background tra-
jectory is composed of two almost straight lines and can be
specified once we fix ϕ Iini still holds. Then, with any ϕ
I
ini giv-
ing the horizon exit of the mode in the second inflationary
phase, it occurs at χnumini,∗ and because of this attractor prop-
erty the resultant PR and ns are constant. How about ϕ Iini
giving the horizon exit of the mode in the first inflationary
phase, where the multifield effects modify the resultant PR
and ns from that in the single-field model? With such ϕ Iini,
the fact that the modification depends on the interval between
the horizon exit and the turn, and if the interval is shorter, the
modification is larger, will not change. Then if we calculate
PR and ns with such ϕ Iini with fixed M and λ , we expect
that similar results as shown in the plots in Fig. 12 are ob-
tained, although the analytic δN formalism no longer works
efficiently. If we further increase M, at M = 6MPl, we find that
∆χini,∗/χnumini,∗ ' 0.041. With this M, the direction of the back-
ground trajectory starts changing much before φ = 0 and it is
no longer regarded as two almost straight lines. With M above
this, the two-field model no longer possesses the good prop-
erty of the α-attractor-type double inflation discussed in this
paper and the calculation and understanding ofPR and ns be-
come much more complicated, as in the conventional double
inflation [27–32].
VI. CONCLUSIONS AND DISCUSSIONS
Recently, the α-attractor models have been very actively
studied. Not only this class of models phenomenologically
explain the observational results 1−ns ∼ 1/N and r ∼ 1/N2,
they can be derived from fundamental theories like supergrav-
ity or string theory. Since scalar fields are ubiquitous in these
theories, it is natural to consider the multifield extension of
the α-attractor models. Among the multifield inflation, the
so-called double inflation composed of two minimally cou-
pled massive scalar fields is the simplest toy model including
sufficient ingredients giving rich phenomenology with multi-
field effects in the primordial perturbation. On the other hand,
the common property of the potential in the α-attractor is that
it has a plateau for the large field values and especially in the
T-model, the potential is obtained by stretching the massive
potential. Therefore, as a simple multifield extension of the
α-attractor, in this paper, we have considered the α-attractor-
type double inflation, which is composed of two minimally
coupled scalar fields ϕ I = (φ ,χ) and each of the fields has
a potential of the α-attractor-type. Although our analysis is
based on the symmetric two-field T-model, where the poten-
tial is given by Eq. (2.4), we expect that most results shown
in this paper are also obtained by other models as long as the
asymptotic forms of the potentials are α-attractor type.
About the background dynamics, first we showed the nu-
merical results and explained the brief overview. If the ini-
tial values of the fields ϕ Iini satisfies φini < χini, in the early
stage, the motion of the fields is towards φ = 0 with almost a
straight trajectory. Then, when φ approaches zero, the back-
ground fields are captured by the potential valley around φ = 0
and changes the direction of the motion to χ = 0. After the
direction has changed completely to χ = 0, the background
trajectory again becomes a straight line towards χ = 0. In this
paper, briefly, we called these three phases as the first infla-
tionary phase, the turning phase, and the second inflationary
phase, respectively. Then, we obtained the analytic solutions
describing the first and second inflationary phases based on
the slow-roll approximation. Since the second inflationary
phase can be regarded as single-field α-attractor-type infla-
tion driven solely by χ , the approximated solutions for this
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phase are just the conventional α-attractor-type ones. On the
other hand, the approximated solutions for the first inflation-
ary phase, given by Eqs. (3.16) and (3.17) are new. Especially,
the integration constant Nini appeared there, or equivalently
N1 defined by Eq. (3.18) are shown to be regarded as the to-
tal number of e-folding during inflation and the number of e-
folding at the end of the first inflationary phase. As we showed
in Fig 6, in terms of Nini and N1, we can roughly classify the
region in ϕ Iini space based on whether the total number of e-
folding during inflation is sufficient and if so, in which phase
the pivot scale of the recent CMB observations exits the hori-
zon scale. This classification gives intuitive understanding of
the property of the the perturbations generated by this double
inflation model.
Then, we have considered the primordial perturbation in
the α-attractor-type double inflation. Since we have assumed
that the curvature perturbation at the end of inflation is con-
nected to the adiabatic perturbation at late time, the power
spectrum PR , the spectral index ns and the tensor-to-scalar
ratio r constrained by the Planck result are given by Eqs. (4.9),
(4.10), and (4.12), respectively. In multiple inflation, the
curvature perturbation can evolve even on sufficiently large
scales caused by the mixing with the isocurvature perturba-
tion if the background trajectory changes the direction. In
the α-attractor-type double inflation, whether the mixing with
the isocurvature perturbation affects the curvature perturba-
tion or not depends on whether the mode corresponding to
the scale of interest exits the horizon scale before the turn or
not. In this model, since we obtained the analytic expression
for the background dynamics, this can be seen by the simi-
lar figure as Fig 6 with appropriate M. With fixed M, λ and
some sets of ϕ Iini, we performed the numerical calculations
on perturbations to obtain PR , ns and r. We find that r is
always sufficiently small to be consistent with the Planck re-
sult, which is the basic property of α-attractor, also holds in
this double inflation model. However, it is worth mention-
ing that the universal relation between ns and r in the single-
field α-attractor model (1− ns)/r = N/(6α) obtained from
Eqs. (2.2) no longer holds when the multifield effects are sig-
nificant. This fact is, in principle, helpful to distinguish be-
tween single-field α-attractor models and this α-attractor-type
double inflation. On the other hand, since we obtained the
approximated analytic solutions for the background, we can
calculatePR and ns based on the δN formalism analytically,
given by Eqs. (4.20) and (4.24), even when the multifield ef-
fects are significant. We find that in ϕ Iini space, as long as the
mode exits the horizon scale sufficiently before the turn and
the resultant ns is consistent with the Planck result, the ana-
lytic method can reproduce the numerical results very well.
After that, we have imposed observational constraints on
the α-attractor-type double inflation model based on the
Planck result. More precisely, we imposed the observational
constraints by specifying possible λ for given ϕ Iini if there ex-
ist for given M. The results with M =
√
3MPl, M = MPl and
M =
√
6MPl were summarized in the right panel in Fig. 12
and in the two panels in Fig. 15, respectively, which were
the main results of this paper. Although we have obtained
the ϕ Iini dependent constraint on λ in these plots, practically,
there is no way for us to know the initial values of the fields.
Based on this viewpoint, these results shows that the obser-
vational constraint on λ for given M in this double inflation
becomes weaker compared with the single field inflation and
this double inflation allow smaller λ . This result suggests that
α-attractor-type multiple inflation with more than two scalar
fields could relax the constraints on the coupling constant λ
and the mass scale M furthermore.
Although we can obtain these plots by numerical calcula-
tions on the perturbations, as an alternative method with which
we can intuitively understand the results, the analytic δN for-
malism played a crucial role. Especially, the facts that N∗ in
Eq. (4.19) does not depend on λ and PR depends on λ lin-
early as shown in Eq. (4.20) make the analysis simpler. As
we can see from them, although the qualitatively they look
similar, quantitatively there are some differences depending
on M. With smaller M, the width of the part in ϕ Iini space
giving ns smaller than the lower bound of the Planck result
is narrower, while the maximum value of ϕ Iini dependent en-
hancement factor of PR from that in the single-field model
is larger. Another evident difference is that there is a part in
ϕ Iini space giving ns larger than the upper bound of the Planck
result only with M = MPl. These were shown to be explained
by the excitation of the heavy field depending on the ratio be-
tween m defined by Eq. (2.6) and H at the turn, where it is
more efficient with smaller M. We also discussed the regime
of M, where the main property of the α-attractor-type double
inflation discussed in this paper and we found that when M be-
comes as large as M = 6MPl, the background trajectory can no
longer be regarded as the two almost straight lines connected
with a turn and the two-field model no longer possesses the
good property of the α-attractor-type double inflation.
As we have mentioned above, since most of the results
in this paper approximated by analytic solutions are based
on the α-attractor-type asymptotic form of the potential like
Eq. (2.5), we expect that the results like sufficiently small r are
not restricted to the symmetric two-field T-model, but are also
applicable to other classes of α-attractor-type double infla-
tion. As we have shown in Appendix C, we also think that the
result that the primordial non-Gaussianity is sufficiently small
to be consistent with the Planck result is the generic prediction
of the α-attractor-type double inflation. On the other hand, as
we have discussed in Appendix B, since we used the informa-
tion of the full potential in the symmetric two-field T-model to
estimate the excitation of the heavy field, in principle, by in-
vestigating the detailed spectrum of the curvature perturbation
around the scale corresponding to the turn, we can distinguish
models that are all classified to α-attractor-type double infla-
tion. In this paper, as a first study of the α-attractor-type dou-
ble inflation, we have concentrated on the possibility that the
primordial perturbations observed by CMB are generated by
this double inflation, implicitly assuming that the scale corre-
sponding to the mode exits the horizon scale around the turn is
within or at least near the regime observable by CMB. Regard-
less of this, we can also consider that the case where the scale
exits the horizon scale around the turn is far below the CMB
scales. In this case, we do not have any stringent observational
constraints on the excitation of the heavy fields and the change
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in the Hubble expansion rate accompanied by the turn. Then,
the model without imposing the symmetry between the two
fields considered in Appendix A can give quantitatively inter-
esting phenomenology. It might be interesting to consider the
possibility that the primordial black holes, which accounts for
the cold dark matter of the current Universe can be produced
in the α-attractor-type double inflation. Finally, in this paper,
we have just concentrated on the phenomenological aspect of
the α-attractor-type double inflation. It is worth trying to see
if this class of models is obtained out of fundamental theories.
We would like to leave these topics for future works.
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Appendix A: BACKGROUND DYNAMICS IN
α-ATTRACTOR-TYPE DOUBLE INFLATION WITH AN
ASYMMETRIC POTENTIAL
In the main text, we have concentrated on the α-attractor-
type double inflation based on the two-field T-model with a
symmetric potential satisfying M1 = M2 = M and λ1 = λ2 =
λ . Here, we briefly summarize the background dynamics of
a more general α-attractor-type double inflation model that
is still based on the two-field T-model, but without imposing
M1 = M2 nor λ1 = λ2. For simplicity, we call the model con-
sidered in the main text as the symmetric model, while the
one we discuss from now on as the asymmetric model. Since
even in the asymmetric model, the potential is symmetric with
φ →−φ and χ →−χ , we can restrict ourselves to the region
φ ≥ 0,χ ≥ 0, without loss of generality. Furthermore, for sim-
plicity, we do not consider the cases M1MPl nor M2MPl,
which makes it easy to analyze the background dynamics of
double inflation, as we will see. Then, from the similar dis-
cussion in Sec. III, in the early stage, the potential is approxi-
mated by
V (φ ,χ) ' 1
36
(
λ1M41 +λ2M
4
2
)
−1
9
(
λ1M41 e
−2 φM1 +λ2M42 e
−2 χM2
)
. (A1)
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FIG. 16: Gradients of the inflationary potential based on the two-field T-model potential, which suggests the direction of the background
trajectories. The background trajectories towards φ = 0 and the ones towards χ = 0 in the early stage are separated by the red lines. (Left) The
case with M1 = (3
√
3/2)MPl, M2 =
√
3MPl, λ1 = 10−9 and λ2 = 2.25× 10−9. The red line is given by χ = (2/3)φ . (Right) The case with
M1 = M2 =
√
3MPl, λ1 = exp[4/
√
3]×10−9 and λ2 = 10−9. The red line is given by χ = φ −2MPl.
Actually, by considering only the first two terms in Eq. (A1)
and making use of the slow-roll approximation, the Hubble
expansion rate in the first inflationary phase in this asymmet-
ric model is given by H/MPl '
√
λ1M41 +λ2M
4
2/(6
√
3M2Pl).
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About the evolution of ϕ I in the first inflationary phase, with
the slow-roll approximation, the equations of motion for ϕ I
are given by
dφ
dN
' 8 λ1M
2
PlM
3
1
(λ1M41 +λ2M
4
2)
e−2
φ
M1 , (A2)
dχ
dN
' 8 λ2M
2
PlM
3
2
(λ1M41 +λ2M
4
2)
e−2
χ
M2 , (A3)
where ' means that we have kept only up to the terms
O(e−2
φ
M1 ) and O(e−2
χ
M2 ). Eqs. (A3) can be integrated as
φ =
M1
2
ln
[
16λ1M2PlM
2
1
(λ1M41 +λ2M
4
2)
(N−Nini)+ e2
φini
M1
]
,(A4)
χ =
M2
2
ln
[
16λ2M2PlM
2
2
(λ1M41 +λ2M
4
2)
(N−Nini)+ e2
χini
M2
]
,(A5)
where Nini is again an integration constant corresponding to N
at initial time. Notice that the above results recover the ones
in the symmetric model with the substitution M1 = M2 = M
and λ1 = λ2 = λ , where the background trajectories towards
φ = 0 and those towards χ = 0 in the first inflationary phase
are separated by the line χini = φini as we can see from Fig. 2.
On the other hand, in this asymmetric model, we can show
that these trajectories are separated by the line
χini =
M2
M1
φini+
M2
2
ln
(
λ2M22
λ1M21
)
, (A6)
which means that in ϕ Iini space, the slope of the line (A6)
depends on M2/M1, while its χini intercept depends on
(
√
λ2M2)/(
√
λ1M1).
In Fig. 16, we show the plots similar to Fig. 2 with differ-
ent parameters. In the left panel, we choose the parameters
satisfying
√
λ1M1 =
√
λ2M2, where the line (A6) becomes
χini = (M2/M1)φini, while in the right panel we choose the
parameters satisfying M1 = M2, where the line (A6) becomes
χini = φini + (M2/2) ln[(λ2M22)/(λ1M
2
1)]. In both cases, we
can confirm that for φ > M1 and χ > M2, where the approxi-
mated expression of the potential (A1) is valid, the line (A6)
separates the background trajectories towards φ = 0 from the
ones towards χ = 0 in the first inflationary phase.
If χini is larger than the value (A6) for given φini, since this
is just the generalization of discussion in Sec. III C, for all
the results related with the first inflationary phase below, we
can recover the corresponding results in the symmetric model
with the substitution M1 = M2 = M and λ1 = λ2 = λ . The
integration constants Nini and N1 introduced in Eq. (3.18) in
the symmetric model, which represent the total e-foldings and
the e-foldings of the second inflationary phase, respectively
become
Nini =
1
16M2Pl
[
λ2M42
λ1M21
+M22 e
2 χiniM2 +M21 e
2 φiniM1
]
, (A7)
N1 =
M22
16M2Pl
[
λ2M22
λ1M21
+ e2
χini
M2 − λ2M
2
2
λ1M21
e2
φini
M1
]
. (A8)
We can also express the background trajectory originating
from ϕ Iini and Θ, introduced in Eq. (3.4) in this phase as,
χ =
M2
2
ln
[
λ2M22
λ1M21
e2
φ
M1 + e2
χini
M2 − λ2M
2
2
λ1M21
e2
φini
M1
]
,
Θ= tan−1
λ2M32
λ1M31
 16λ1M
2
1
(λ1M41+λ2M
4
2 )
(N−Nini)+ e2
φini
M1
16λ2M22
(λ1M41+λ2M
4
2 )
(N−Nini)+ e2
χini
M1

 .
In the first inflationary phase, after φ becomes smaller than
M1 and the turning phase, the potential becomes of the form
V (φ ,χ)' 1
2
m21φ
2+
λ2M42
36
[
1−4e−2
χ
M2
]
,
with
m1 =
√
2λ1
6
M1 .
As in the symmetric model, since the duration when φ is in the
region φ > M is much longer than the one in the region φ <
M, we expect that the expression (A5) with (A8) describing
the background dynamics in the first inflationary phase is not
significantly affected by the existence of the turning phase.
On the other hand, since we have more parameters to change
the ratio between m1 and H during the turning phase in this
asymmetric model, we expect that the excitation of the heavy
field discussed in Appendix B gives richer phenomenology in
this asymmetric model than the symmetric one discussed in
the main text.
After the turning phase, the potential giving the second in-
flationary phase can be approximated by
V (φ = 0,χ)' λ2M
4
2
36
[
1−4e−2
χ
M2
]
,
for χ  M2 . The background dynamics for the second in-
flationary phase in this asymmetric model is obtained just by
repeating the discussion for the symmetric model in Sec. III C
with the replacements M → M2 and λ → λ2. One thing to
mention here is that the Hubble expansion rate in the sec-
ond inflationary phase in this asymmetric model is given by
H/MPl ' (
√
λ2M22)/(6
√
3M2Pl). Therefore, the gap of the
Hubble expansion rate defined by H2/H1, the ratio between
that in the first inflationary phase and that in the second infla-
tionary phase, is given by (
√
λ2M22)/
√
λ1M41 +λ2M
4
2 , while
it is always given by 1/
√
2 in the symmetric model. Again,
this gives richer phenomenology than the symmetric model
considered in the main text.
So far, we have discussed the case with χini greater than the
value (A6) for given φini. On the other hand, for the opposite
case with χini smaller than the value (A6), the background tra-
jectory in the first inflationary phase is towards χ = 0, instead
of φ = 0. In this case, the background dynamics can be dis-
cussed by just repeating the above discussion with exchanging
the roles of φ and χ . As we see, by considering α-attractor-
type double inflation based on the asymmetric model, we have
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more model parameters than in that based on the symmetric
model. This certainly gives richer phenomenology, like the
background dynamics in the first inflationary phase, the gap of
the Hubble expansion rate between the first and second infla-
tionary phases, and the excitation of heavy fields in the turning
phase. However, the basic properties of α-attractor-type dou-
ble inflation extracted by the symmetric two-field model that
there are first inflationary phase, turning phase, second infla-
tionary phase, and the background trajectory is composed of
two almost straight lines in the field space remain unchanged.
Furthermore, as long as we concentrate on the constraints on
model parameters and initial field values based on the Planck
result, such richer phenomenology obtained by this general-
ization is strongly constrained. In this sense, we think that
the essential properties of perturbations in the α-attractor-type
double inflation is sufficiently included in the simple symmet-
ric model.
Appendix B: EXCITATION OF THE HEAVY FIELD IN
α-ATTRACTOR-TYPE DOUBLE INFLATION
Here, we analyze the background dynamics in the turning
phase, where the potential is approximated by Eq. (3.23) in
detail and clarify when the oscillations in the background tra-
jectory caused by the heavy field excitation appear. First, we
consider the motion in φ direction around φ = 0, where V
can be further approximated by V ' λM4/36. Then, from the
slow-roll approximation and Eq. (3.3), as long as H is greater
than m, with an integration constant φ0, the evolution of φ is
given by
φ = φ0 exp
[
−m
2
3H
t
]
, (B1)
with
H '
√
λM2
6
√
3MPl
.
In this case, the motion towards χ = 0 becomes important as
φ approaches to 0 and Θ changes from pi to (3/2)pi smoothly.
Although it is necessary to confirm that the slow-roll approxi-
mation holds all the way to φ ∼ 0 numerically, the evolution of
φ in the smooth turn with m<H is described by Eq. (B1). The
case corresponding to Fig. 4 is an example giving a smooth
turn.
On the other hand, if H  m does not hold, the second
derivative of φ in Eq. (3.3) is no longer negligible. Especially
if m2/H2 > 9/4, with another integration constant θ0, the evo-
lution of φ is given by
φ = φ0 exp
[
−3
2
Ht
]
cos[ωt−θ0] ,
with
ω ≡ 1
2
√
4m2−9H2 ,
which describes dumped oscillations. If the integration con-
stant φ0 is large, or equivalently the kinetic energy of φ is suf-
ficiently large around φ = 0, the background trajectory experi-
ences oscillations during the turn, which can be interpreted as
the excitation of the heavy field. In the examples considered
in Sec. V B, with M = MPl, there are oscillations of φ during
the turn as shown in the left panel in Fig. 17. This excitation
of heavy field affects the resultantPR and ns, as discussed in
Sec. VB. In the current model, the parameter dependence of
the efficiency of heavy field excitation depends on the dynam-
ics of φ at 0 < φ < M in the first inflationary phase, where
the potential cannot be approximated by neither Eq. (3.14)
nor Eq. (3.23). Here, we numerically estimate the parame-
ter dependence of the efficiency of the heavy field excitation.
As we mentioned in Sec. V B, when we change M, we also
change the fiducial value of λ that givesPR consistent with
the Planck result in the single-field model so that λM2 is fixed.
From Eq. (2.6), we also fix m = (
√
2λM)/6' 6.1×10−4MPl
so that it covers the fiducial values of λ considered in Sec. V.
Here, we investigate the efficiency of the heavy field excita-
tion in terms of the maximum value of |φ | after it passes zero
by changing M with χini giving the turn about N ' N∗ =−60.
However, it is worth mentioning that as long as χ∗ is much
greater than M, we expect that χini dependence is weak, as
H∗ '
√
V∗/(
√
3MPl) is almost constant with χ∗  M. The
right panel in Fig. 17 shows M dependence of the efficiency
of the heavy field excitation. We see that by decreasing M, the
heavy field excitation occurs around M ∼ 100.2MPl, and the
efficiency monotonously increases when M decreases. Notice
that M giving m2/H2 = 9/4 based on H given by the slow-roll
approximation (B1) gives (2
√
6)/3MPl, which is very close to
100.2MPl.
Appendix C: PRIMORDIAL NON-GAUSSIANITY IN
α-ATTRACTOR-TYPE DOUBLE INFLATION
In the main text, we imposed the observational constraints
on λ and ϕ Iini for a given M in the α-attractor-type double in-
flation model based on the Planck result of PR and ns. On
the other hand, for the region in ϕ Iini space where the multifield
effects modify the resultant PR from that in the single-field
model, while the resultant ns is still consistent with the Planck
result, we can obtainPR and ns analytically based on the δN
formalism with a high accuracy. Since we can easily calculate
the primordial bispectrum, which includes the leading signal
of non-Gaussianity, based on the δN formalism, here we cal-
culate it to see if additional constraints are obtained by the
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FIG. 17: (Left) Time evolution of φ around the turn in terms of −N with M = MPl, λ = 6.6×10−10. Since m2/H2 > 9/4, there is excitation
of the heavy field, where the maximum value of |φ | after it passes 0 is about 0.0384. (Right) M dependence of the efficiency of the heavy field
excitation in terms of the maximum value of |φ | after it passes 0. We choose λ so that m = (
√
2λM)/6' 6.1×10−4MPl.
primordial non-Gaussianity on this model or not.
By extending the relation betweenR and δϕ I in the δN formalism given by Eq. (4.13), we obtain
R(tf,x)' δN(tf, ti,x)' N,Iδϕ I(ti,x)+ 12N,IJδϕ
I(ti,x)δϕJ(ti,x) . (C1)
On the other hand, the bispectrum of the curvature perturbation BR in the Fourier space is defined by
〈Rk1Rk2Rk3〉 ≡ (2pi)3δ (k1+k2+k3)BR(k1,k2,k3) , (C2)
where the left hand side of Eq. (C2) can be evaluated using Eq. (C1) as
〈Rk1Rk2Rk3〉= N,IN,JN,K〈δϕ Ik1δϕJk2δϕKk3〉+
1
2
N,IN,JN,KL〈δϕ Ik1δϕJk2 [δϕK ?δϕL]k3〉+perms. . (C3)
Here, ? denotes the convolution and “perms” denotes the remaining two other permutations. In Eq. (C3), roughly speaking,
the first term in the right hand side denotes the contribution from the intrinsic non-Gaussianity of the field perturbations, giving
nonlocal-type bispectrum, while the second term denotes the contribution from the nonlinear dynamics of the background field
on super horizon scales giving the local-type bispectrum [65].
Observational constraints on the primordial bispectrum are
given by the nonlinear parameter fNL defined by [72]
6
5
fNL =
∏ j k3j
∑ j k3j
BR
4pi4P2R
.
Since the kinetic terms in this model are canonical and the
former contribution is expected to be small [72], by concen-
trating on the local-type primordial bispectrum, we obtain the
following expression of f locNL in the δN formalism
f locNL =
5
6
N,IN,JN,IJ
(N,IN,I)2
. (C4)
Then, by just regarding N∗ given by Eq. (4.19) as N and ϕ I∗
given by Eq. (4.17) in Eq. (C4), we can obtain f locNL ,
f locNL =
5
6
(N∗,φ∗)
2N∗,φ∗φ∗ +(N∗,χ∗)
2N∗,χ∗χ∗
((N∗,φ∗)2+(N∗,χ∗)2)2
,
where N∗,φ∗ and N∗,χ∗ are given by Eq. (4.21) and N∗,φ∗φ∗ and
N∗,χ∗χ∗ are given by
N∗,φ∗φ∗ =
1
4M2Pl
(
8M2Pl
M2
N∗− 12 +
1
2
e2
φini
M − 1
2
e2
χini
M
)
,
N∗,χ∗χ∗ =
1
4M2Pl
(
8M2Pl
M2
N∗− 12 +
1
2
e2
χini
M − 1
2
e2
φini
M
)
.
We find that for the three cases with M = MPl, M =
√
3MPl
and M =
√
6MPl we considered in Sec. V, in the part in ϕ Iini
space, f locNL does not depends on the parameter M or the initial
values ϕ Iini so much and takes the value 0.013 < f
loc
NL < 0.016,
which is consistent with the Planck result [8]. This result
shows that the primordial non-Gaussianity cannot give ad-
ditional constraints on the α-attractor-type double inflation
other than the ones considered in the main text.
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